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Abstract

This paper presents an advanced computational study on three fundamental prob-
lems in the numerical modeling of methane–air combustion processes, accomplished
through the in-house implementation of numerical algorithms. First, the adiabatic
flame temperature was determined using the iterative Newton–Raphson method cou-
pled with 7-coefficient NASA thermodynamic polynomials; for a stoichiometric mix-
ture, Tad ≈ 2326 K was obtained, achieving quadratic convergence within 3–4 iter-
ations. Second, the evolutionary ignition process in a homogeneous, adiabatic 0D
reactor was investigated by integrating a stiff system of nonlinear ordinary differen-
tial equations (ODEs) via the explicit 4th-order Runge–Kutta method (RK4). The
characteristic induction period and the exponential temperature dependency of the
ignition delay time were identified, yielding an estimated apparent activation energy
of ≈175 kJ/mol. Third, the steady-state temperature profile of a one-dimensional
laminar premixed flame was solved. The finite difference method was employed to
discretize the governing reaction–diffusion equation, utilizing a stable upwind scheme
for the convective term. The resulting nonlinear system was solved using Newton’s
method combined with the Thomas algorithm (O(N)) for tridiagonal matrices. Spa-
tial grid convergence was asymptotically verified, and the physical limitations of the
models due to the single-step global chemical kinetics mechanism are comprehensively
discussed.
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1 Introduction

Combustion is a highly nonlinear and multiscale physicochemical process in which exothermic
chemical kinetics, heat and mass transport, and fluid dynamics are intensely coupled. The math-
ematical description of these phenomena leads to complex systems of nonlinear partial differential
equations (PDEs) and ordinary differential equations (ODEs), which are inherently character-
ized by a high degree of stiffness. This stiffness arises because the characteristic time scales of
individual elementary chemical reactions can span several orders of magnitude. Since analytical
solutions to these systems do not exist, modern combustion engineering relies fundamentally on
numerical methods.

The objective of this work is to demonstrate a deep understanding of these computational
mechanisms by developing an in-house implementation (written from scratch, avoiding black-box
packages such as Cantera or Chemkin) of numerical algorithms applied to three classical methane
combustion problems:

1. Equilibrium Thermodynamics: Finding the roots of a nonlinear algebraic equation to
determine the adiabatic flame temperature using the Newton–Raphson method.

2. Reaction Kinetics: Simulating auto-ignition in a 0D reactor, requiring time-accurate
integration of a system of ODEs describing temperature and mass fraction evolution via
the 4th-order Runge–Kutta method.

3. Transport with Chemical Reaction: Resolving the spatial structure of a 1D laminar
premixed flame by solving the steady-state nonlinear reaction–diffusion equation using the
finite difference method.

Methane (CH4), the primary component of natural gas, was chosen as the fuel. To maintain
computational efficiency while retaining the core physics, the chemical kinetics are represented
by a global complete combustion reaction:

CH4 + 2 (O2 + 3.76N2) −→ CO2 + 2H2O+ 7.52N2. (1)

Special emphasis is placed on analyzing the performance, stability, and convergence rates of the
implemented numerical algorithms.

2 Literature Review and Theoretical Background

2.1 Thermochemistry and Adiabatic Flame Temperature

The adiabatic flame temperature (Tad) is the maximum theoretical temperature achieved by the
combustion products assuming no heat losses to the environment, negligible changes in kinetic or
potential energy of the fluid flow, and complete consumption of the fuel. Evaluating Tad requires
precise knowledge of the temperature-dependent physicochemical properties of each species. The
industry standard for these properties is the 7-coefficient NASA thermodynamic polynomials [1].
The classical formulation of the enthalpy balance, accounting for the enthalpy of formation and
temperature-dependent heat capacities, is detailed extensively by Turns [2] and Law [3].

2.2 Chemical Kinetics and Auto-ignition (0D Reactor)

The auto-ignition process is governed by a strong thermal feedback loop between the temper-
ature and the chemical reaction rate. As temperature increases, the reaction rate escalates
exponentially according to the Arrhenius law:

k(T ) = A exp

(
− Ea

RT

)
, (2)
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where A represents the pre-exponential factor and Ea is the global activation energy. Compre-
hensive kinetic mechanisms for methane, such as GRI-Mech 3.0 [4], include up to 53 species
and 325 elementary reactions. Integrating such large systems is computationally intensive and
demands implicit ODE solvers due to the severe stiffness introduced by the vastly different relax-
ation scales of highly reactive radicals compared to stable molecules. For educational purposes
and macro-scale topological studies, parameterized single-step mechanisms optimized by West-
brook and Dryer [5] are widely accepted, as they satisfactorily reproduce global heat release and
ignition delay times.

2.3 1D Laminar Flame - The Reaction–Diffusion Equation

The steady-state, one-dimensional structure of a premixed flame is established by a balance
between two counteracting processes: the forward thermal diffusion of heat from the reaction zone
into the unburned mixture, and the convective inflow of the fresh reactants coupled with their
exothermic chemical consumption. Mathematically, this manifests as a second-order nonlinear
PDE. Solving this problem numerically demands careful selection of discretization schemes: while
the diffusion term is ideally approximated using central differences, the convective term requires
directional schemes (such as upwind or higher-order variants like QUICK) to suppress non-
physical spatial oscillations under high grid Péclet numbers [7, 6].

3 Computational Model and Code Architecture

All numerical simulations were conducted using Python 3. Standard built-in solvers (e.g.,
scipy.integrate.solve_ivp) were deliberately omitted in favor of custom-coded algorithms
to ensure full transparency and control over the numerical behavior. The codebase is modularly
structured (see Appendix A).

3.1 Thermodynamic Model (thermo.py module)

The constant-pressure specific heat (cp) and absolute molar enthalpy (h) of an individual species
are defined using continuous 7-coefficient polynomial functions:

cp(T )

R
= a1 + a2T + a3T

2 + a4T
3 + a5T

4, (3)

h(T )

RT
= a1 +

a2
2 T + a3

3 T
2 + a4

4 T
3 + a5

5 T
4 +

a6
T
, (4)

where R = 8.314 J/(molK), and the integration constant a6 accounts for the standard enthalpy
of formation ∆h◦f . The parameters a1 . . . a7 are retrieved from the database for two distinct
temperature regimes (200–1000 K and 1000–3500 K).

3.2 Global Kinetic Mechanism

Methane oxidation is modeled via a single-step global reaction. The reaction rate is expressed
as:

ω = A exp

(
− Ea

RT

)
[CH4]

a [O2]
b,

[
mol

m3 s

]
(5)

Following the Westbrook–Dryer calibration [5], empirical parameters were selected to best match
experimental burning velocities: Ea = 2.026 · 105 J/mol, A = 1.3 · 108 (converted to SI units),
with reaction orders of a = −0.3 for the fuel and b = 1.3 for the oxidizer. The negative order
with respect to methane accounts for its inhibiting effect on radical formation during the early
induction stage.
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3.3 1D Laminar Flame Formulation (flame1d.py)

To resolve the flame structure, the governing equations are reduced to a non-dimensional energy
balance formulated in the flame-fixed coordinate system:

Su
dθ

dx
= α

d2θ

dx2
+ ω(θ), (6)

where θ = (T − Tu)/(Tb − Tu) ∈ [0, 1] is the normalized temperature. The parameter Su is
the laminar burning velocity, which in this work is treated as a prescribed constant (obtained
from experimental correlations) rather than an eigenvalue to be determined iteratively. This
simplification allows us to focus on the numerical solution of the spatial profile, but it is important
to note that in a fully self-consistent formulation, Su would be part of the eigenvalue problem.

The thermal diffusivity α, density ρ and specific heat cp are assumed constant in the present
model; in reality they are strong functions of temperature. The source term ω(θ) represents
the normalized heat release and is constructed from the Arrhenius kinetics using the Zeldovich
asymptotic formulation:

ω(θ) =
∆Hr

ρ cp (Tb − Tu)
A exp

(
− Ea

RT (θ)

)
[CH4]

a [O2]
b, (7)

where T (θ) = Tu + θ (Tb − Tu). In the numerical implementation, the reaction rate is evaluated
at each grid point using the local temperature. This ensures that the spatial coupling between
chemistry and transport is correctly represented, even though the chemical mechanism is global.

4 Results and Discussion

4.1 Iterative Estimation of the Adiabatic Flame Temperature

For an isobaric, adiabatic system, the total enthalpy must be conserved: Hreag(Tin) = Hprod(Tad).
This condition can be mathematically rewritten as a root-finding problem for the residual func-
tion:

f(T ) =
∑

i∈prod

ni hi(T )−Hreag(Tin) = 0. (8)

Because the individual species enthalpies depend nonlinearly on temperature (Equation 4), f(T )
is highly nonlinear. To locate its root, the multi-dimensional Newton–Raphson iterative tech-
nique was deployed. A profound advantage of this formulation is that the analytical derivative of
the residual function yields a direct physical property—the total constant-pressure heat capacity
of the products:

f ′(T ) =
d

dT

(∑
i

nihi(T )

)
=
∑
i

nicp,i(T ) ≡ Cprod
p (T ). (9)

Consequently, the numerical update formula takes on an elegant, thermodynamically closed form:

Tk+1 = Tk −
f(Tk)

Cprod
p (Tk)

. (10)

For a stoichiometric mixture (ϕ = 1), the calculated adiabatic temperature converged to
Tad ≈ 2326 K (Fig. 1, left panel). It is crucial to note that this value overpredicts real-world
experimental measurements (≈ 2225 K) by more than 100 K (approx. 4%). This discrepancy
is a direct artifact of the complete combustion assumption. In high-temperature environments
(T > 2000 K), the product molecules (CO2 and H2O) naturally undergo significant secondary
dissociation into smaller radical species (CO,OH,O,H). Because dissociation reactions are highly
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endothermic, they absorb a fraction of the chemical energy, effectively lowering the peak tem-
perature of the flame.

Numerically, the algorithm demonstrated exceptional efficiency. Constructing an exact, ana-
lytical Jacobian yielded a pristine quadratic convergence rate. As seen in Fig. 1 (right panel),
the residual plummets from 104 J to below 10−8 J in only 3 to 4 iterations.

Figure 1: Adiabatic flame temperature plotted against the equivalence ratio ϕ (left) and the
log-scale quadratic convergence history of Newton’s method for ϕ = 1 (right).

4.2 Integration of the Chemical Kinetics ODE System (RK4)

The temporal chemical evolution within a homogeneous, constant-pressure, adiabatic batch re-
actor is governed by a coupled system of ordinary differential equations:

dYCH4

dt
= −MCH4

ρ
ω,

dT

dt
=

−∆Hr

ρ cp
ω, (11)

where Y denotes mass fractions and ∆Hr is the heat of reaction. This system was integrated
forward in time using the classical explicit fourth-order Runge–Kutta scheme (RK4). Evaluating
the derivatives at four intermediate stages per time step ensures a local truncation error of
O(∆t5) and a global tracking accuracy of O(∆t4).

The simulated evolution paths (Fig. 2) accurately capture the underlying physics. The process
exhibits a distinct induction period during which the temperature rises imperceptibly while the
radical pool incubates (represented mathematically in the global model by the slow initial growth
of the exponential Arrhenius term). This is followed by a sudden, catastrophic transition known
as thermal runaway, driving the reactor state to its final burned condition. The ignition delay
time (τign)—defined rigorously as the moment where the thermal gradient ∂T/∂t reaches its
maximum—was resolved at τign = 18.32 ms for an initial temperature of 1300 K.

By sweeping across a range of initial temperatures and mapping the resulting ignition delays
onto a semi-logarithmic Arrhenius plot (Fig. 3), a highly linear relationship was recovered:

ln(τign) ∼
Eapp

a

R
· 1

Tinit
. (12)

From the slope of the least-squares linear regression line, the apparent activation energy for the
ignition delay was estimated as Eapp

a ≈ 175 kJ/mol. This value matches closely with macro-scale
experimental data for natural gas auto-ignition.

Numerical Critique: It is necessary to critically assess the limitations of explicit integration
for this problem. Chemical kinetic equations are notoriously "stiff" due to the presence of fast-
acting reactive intermediates. Because the explicit RK4 scheme is only conditionally stable, the
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Figure 2: Auto-ignition transient of a stoichiometric mixture at Tinit = 1300 K: rapid thermal
runaway establishing the ignition delay τign (left) and the corresponding fuel depletion profile
(right).

allowable time step (∆t) is rigidly bounded by the smallest chemical timescale in the system.
This constraint forces the use of microsecond steps (∆t ∼ 10−6 s). While acceptable for a
simplified single-step model, explicit RK4 becomes highly inefficient when scaling up to detailed
multi-species mechanisms, where implicit or semi-implicit solvers are mandatory.

Figure 3: Arrhenius plot of the ignition delay. The strict linearity of the numerical data points
confirms the underlying exponential dependency on initial temperature.

4.3 Discrete Finite Difference Model of the 1D Laminar Flame

The spatial distribution of the non-dimensional flame equation (Equation 6) was solved on a
uniform spatial grid. To ensure the numerical stability of the differential operators, the second-
order thermal diffusion term was discretized using standard central differences (yielding second-
order spatial accuracy). Crucially, the convective velocity term was discretized using a first-order
directional upwind scheme:

d2θ

dx2

∣∣∣∣
i

≈ θi+1 − 2θi + θi−1

∆x2
,

dθ

dx

∣∣∣∣
i

≈ θi − θi−1

∆x
. (13)
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Omitting the upwind formulation and relying on central differences for the convective term would
trigger severe, unphysical spatial oscillations (wiggles) near the steep flame front, as dictated by
the grid Péclet number criterion.

Substituting these finite difference approximations into the continuous equation at each grid
point i yields a coupled system of N nonlinear algebraic equations of the form Fi(θ) = 0.
This system was solved iteratively using a multi-dimensional Newton method: J · ∆θ = −F .
Because each discrete equation only couples immediate neighbors (i − 1, i, i + 1), the resulting
Jacobian matrix J = ∂Fi/∂θj possesses a strict tridiagonal structure. This mathematical
feature enabled a major computational optimization: instead of executing a standard Gaussian
elimination which scales as O(N3), the linear system was solved using the Thomas algorithm.
This reduced the operational complexity to a linear scale (O(N)), drastically accelerating the
execution speed.

The Dirichlet boundary conditions θ(0) = 0 (unburnt side) and θ(L) = 1 (burnt side) are
imposed by eliminating the first and last equations from the tridiagonal system and modifying
the right-hand side vector accordingly. The implementation of the Thomas algorithm used in
this work is shown in Listing 1.

1 def thomas(a, b, c, d):
2 n = len(b)
3 cp = np.zeros(n)
4 dp = np.zeros(n)
5 cp[0] = c[0]/b[0]
6 dp[0] = d[0]/b[0]
7 for i in range(1, n):
8 m = b[i] - a[i]*cp[i-1]
9 cp[i] = c[i]/m

10 dp[i] = (d[i] - a[i]*dp[i-1])/m
11 x = np.zeros(n)
12 x[-1] = dp[-1]
13 for i in range(n-2, -1, -1):
14 x[i] = dp[i] - cp[i]*x[i+1]
15 return x

Listing 1: Thomas algorithm for tridiagonal systems

The solver demonstrated rapid convergence, requiring typically 4 Newton iterations due to
the exact analytical evaluation of the tridiagonal Jacobian entries. The resolved thermal profile
(Fig. 4) shows a highly localized reaction zone confined within a thin layer spanning less than a
millimeter, characterized by a sharp peak in the temperature gradient. A grid independence study
(Fig. 5) reveals that because of these extreme spatial gradients, the calculated flame thickness δ
becomes independent of the mesh resolution only when the grid density exceeds N > 200 points
for a ∼2 mm domain. Coarser meshes introduce significant artificial numerical diffusion, which
unphysically smears the flame front.

5 Conclusions

This work has successfully demonstrated the implementation and evaluation of fundamental
numerical methods applied to chemically reacting flows and thermodynamics. Developing these
algorithms from scratch provided valuable insights into both the capabilities and the inherent
constraints of each numerical technique:

1. Efficiency of Analytical Jacobians: Formulating an exact analytical derivative for
Newton’s root-finding method in the thermodynamic module guaranteed quadratic con-
vergence. The residual was reduced to machine precision in only 4 iterations, proving that
exact Jacobians should always be preferred over numerical approximations when mathe-
matically tractable.
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Figure 4: Steady-state non-dimensional temperature profile (left) and its corresponding sharp
spatial gradient across the flame front (right) within the 1D laminar premixed flame.

Figure 5: Grid convergence study mapping the resolved flame thickness δ against the number
of spatial nodes N . The solution asymptotically stabilizes once the reaction zone is sufficiently
resolved.

2. Stiffness and Explicit Limitations: The 0D reactor simulation successfully recovered
the classical Arrhenius behavior, yielding an apparent activation energy of 175 kJ/mol.
However, the strict time-step constraints required by the explicit RK4 scheme highlighted
the severe limitations of explicit integration when dealing with chemically stiff ODE sys-
tems. For advanced multi-component mechanisms, migrating to implicit formulations (such
as Backward Differentiation Formulas - BDF) is an absolute necessity.

3. Grid Resolution and Computational Complexity: The 1D finite difference flame
solver, optimized via the linear-time Thomas algorithm (O(N)), effectively captured the
thin localized structure of the flame front. The grid dependence study demonstrated that
resolving sharp chemical gradients requires high spatial resolution (N ∼ 200 − 400). To
optimize future computational costs, implementing Adaptive Mesh Refinement (AMR)
would be highly beneficial to dynamically cluster nodes exclusively within the high-gradient
reaction zone.

While the single-step global reaction mechanism served as an excellent vehicle for testing the
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mathematical performance of the algorithms, the omission of radical intermediate chemistry and
endothermic product dissociation introduces a known overprediction in the final flame tempera-
ture. Expanding this numerical framework to support multi-step detailed kinetics represents the
logical next step for this research.

A Structure of the Custom Simulation Environment

The computational framework was developed using an object-oriented approach, ensuring strict
separation between thermodynamic databases, numerical solvers, and the core physical models:

• thermo.py — handles the CHEMKIN-formatted NASA-7 polynomial coefficients, mixture
molecular weights, and stoichiometry definitions.

• flame_temp.py — contains the Newton–Raphson root-finding algorithm formulated over
absolute enthalpies to evaluate Tad (Section 4.1).

• reactor0d.py — models the transient auto-ignition kinetics in an isobaric batch reactor
using a custom-built explicit RK4 solver (Section 4.2).

• flame1d.py — an object-oriented finite difference solver for the steady 1D reaction–
diffusion equation, utilizing an upwind convective scheme and a tridiagonal Thomas matrix
engine (Section 4.3).

• main.py — the central execution script that coordinates the simulations, performs para-
metric sweeps, and generates all the analytical plots.
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